Using the Legnedrian duarities between surfaces in pseudo-spheres in Lorentz-Minkowski 4-space, we study various kind of flat surfaces in pseudo-spheres. We consider a surface in the pseudo-sphere and its dual surface. Flatness of a surface is defined by the degeneracy of the dual surface similar to the case for the Gauss map of a flat surface in the Euclidean space. We study singularities of these flat surfaces and dualities of singularities.
Introduction
It has been shown in [25] that a theorem of Legendrian dualities for pseudo-spheres in LorentzMinkowski space which gives a commutative diagram between contact manifolds defined by the dual relations. This theorem has been generalized into psuedo-spheres in semi-Euclidean space with genral index in [10] . Such a commjutative diagram is called a mandala of Legendrian dualities now [10, 26] . The mandala of Legednrian dualities is very useful for the study of the differential geometry on submanifolds in pseudo-spheres. Especially, it works well even for spacelike hypersurfaces in the lightcone where the induced metric is degenerate [25] .
In this paper we consider various kinds of flatness of surfaces in pseudo-spheres in LorentzMinkowski space. In Euclidean space, a flat surface is characterized by the degeneracy of the Gauss map. For example, a surface is a part of a plane if the Gauss map is constant. Moreover, a surface is a developable surface if the image of the Gauss map is a point or a curve (i.e., all points of the surface are singularities of the Gauss map). We remark that the dual surface of a surface plays a similar roles as the Gauss map of the surface [24, 31] . Accoreding to the these facts on the Euclidean case, the Legedrian dual of a surface in pseudo-sphere is considered to be a kind of the Gauss map of the surface. In this sense a surface in a pseudo-sphere is "flat"if the Legendrian dual is singular at any point of the surface. Especially, we consider the case when the Legendrian dual is a curve in a pseudo-sphere. In [22] we have studied a surface in Hyperbolic space whose lightcone dual is a curve.In this case the suface is called a horo-flat surface. Moreover, such surfaces are one-parameter families of horo-cycles. Therefore, we call it a horo-flat horocyclic surface. Horo-flat surfaces are "flat"surfaces in the sense of a new geometry in Hyperbolic space [5, 6, 17, 18, 19, 22] which is called "Horospherical Geometry".
In this paper we consider surfaces with similar properties as horo-flat horo-cyclic surfaces in other pseudo-spheres. These surface can be obatined by the aid of the mandala of Legendrian dualities. One of the main results in this paper is to give classifications of the singularities of these surfaces and show dualities among singularities. Therefore, the mandala of Legedrian dualities still remains on the singularities level. As a consequence, these surfaces are frontals which are the projection images of istropic surfaces in the total contact manifold of a Legenrian fibration. If the istropic surface is a Legendrian surface, the frontal is called a wave front (or, simply a front).
Singularities of wave fronts have been originally investigated by Zakalyukin [34, 35] . See [2] for the detail. He has shown that generic singularities of wave front surfaces are the cuspidal edge and the swallowtail. It is known that generic singularities of frontal surfaces are cuspidal cross cap in addition to the above two fronts [14, 15] .
Here, the cuspidal edge is a map germ ((R We study singularities of maps up to A-equivalence of map germs. Here, map germs f 1 , f 2 : (R , 0) such that f 1 • φ 2 = φ 1 • f 2 holds. In Section 8 we give criteria to detect the map-germs in the above list of frontals. In order to give classifications of "flat"surfaces we construct a basic Lorentzian invariant in Section 6. We give characterizations of the above singularities of our surfaces by using such invariants (cf., Therorems 8. 6, 8.8, 8.9, 8.10, 8.11, 8.13 and 8.14) .
On the other hand, there are many investigations on linear Weingarten surfaces in pseudospheres ( [1, 8, 11, 12, 27] ). The mandala of Legendrian duality is deeply related to linear Weingarten surfaces. By using the mandala of Legendrian dualities, we can unify the notion of linear Weingarten surfaces in different pseudo-spheres. (cf. Theorem 5. 3) We assume throughout the whole paper that all the maps and manifolds are C ∞ unless the contrary is explicitly stated.
Basic concepts and notations
In this section we prepare basic notions on Minkowski space. For detailed properties, see [29] . Let R and a real number c, the hyperplane with pseudo normal n is given by
We say that HP (n, c) is a spacelike , timelike or lightlike hyperplane if n is timelike, spacelike or lightlike respectively.
We have the following three kinds of pseudo-spheres in R n+1 1
: The hyperbolic n-space is defined by 
A mandala of Legendrian dualities for pseudo-spheres
We now review some properties of contact manifolds and Legendrian submanifolds. Let N be a (2n + 1)-dimensional smooth manifold and K be a tangent hyperplane field on N . Locally such a field is defined as the field of zeros of a 1-form α. The tangent hyperplane field K is nondegenerate if α ∧ (dα) n = 0 at any point of N. We say that (N, K) is a contact manifold if K is a non-degenerate hyperplane field. In this case K is called a contact structure and α is a contact form. Let φ : N −→ N be a diffeomorphism between contact manifolds (N, K) and (N , K ). We say that φ is a contact diffeomorphism if dφ(K) = K . Two contact manifolds (N, K) and
We say that a smooth fiber bundle π : E −→ M is called a Legendrian fibration if its total space E is furnished with a contact structure and its fibers are Legendrian submanifolds. Let
The image of the Legendrian map π • i is called a wavefront set of i which is denoted by W (L). For any z ∈ E, it is known that there is a local coordinate system (x, p, y) = (x 1 , . . . , x m , p 1 , . . . , p m , y) around z such that π(x, p, y) = (x, y) and the contact structure is given by the 1-form
In [25] we have shown the basic duality theorem which is the fundamental tool for the study of spacelike hypersurfaces in Minkowski pseudo-spheres. We consider the following four double fibrations:
We remark that θ Since the proof of the theorem was given in [25] , we do not give the detailed proof here. We only remark that (∆ 1 , K 1 ) can be canonically identified with the unit tangent bundle S(T H n (−1)) over H n (−1) with the canonical contact structure ( [7, 9] ). Moreover, the contact structure K i (i = 2, 3, 4) can be canonically induced by the following constructions. We consider smooth mappings (i = j ; (i, j = 1, 2, 3, 4)) Ψ ij : ∆ i −→ ∆ j defined by
We can easily show that Ψ ij are contact diffeomorphisms such that Ψ
By the similar calculations, we can show that the other Ψ ij are also contact diffeomorphisms. We call these Legendrian dualities a mandala of Legendrian dualities (cf., [10, 26] ) because we can explain the situation as the following diagram:
Local differential geometry of spacelike hypersurfaces in pseudo-spheres
In this section we consider differential geometry of hypersurfaces in pseudo-spheres as an application of the mandala of Legendrian dualities. We remark that it is deeply related to the previous theory on the differential geometry of submanifold in the hyperbolic space [17] . We now give a quick review on the theory. Let
and denote that M = X(U ). We define the unit normal vector field
Therefore it satisfies that 
In [17] we have investigated the geometric meanings of the lightcone Gauss-Kronecker curvature from the contact viewpoint. One of the consequences is that the lightcone Gauss-Kronecker curvature estimates the contact of hypersurfaces with hyperhorospheres. It has been also shown that the Gauss-Bonnet type theorem holds on the lightcone Gauss-Kronecker curvature [25] .
On the other hand, we can interpret the above construction by using the Legendrian duality theorem (Theorem 3.1). For any regular hypersurface of M consists of two points at each point of M. This is the reason why we have such two Legendrian embeddings. However, one of the results in the theory of Legendrian singularities (cf., the appendix) asserts that the Legendrian submanifold is uniquely determined by the wave front set at least locally. 
It follows from the mandala of Legendrian dualities, we have 
, so that we have the following relations:
We also denote that 
and h 
is an embedding. Then we have
Here, (h
The proof of the above formulae are the same as those for the Weingarten type formula in [17] , so that we omit it. We remark that κ 2
is an isotropic mapping with respect to K i .
Linear Weingarten surfaces
Galvez, Martinez and Milan has investigated the linear Weingarten surfaces using the Weierstrass type representation formula [12] . In this section, we discuss linear Weingarten surfaces and their hyperbolic Gauss maps from our point of view.
Matrix representation of pseudo-spheres
Let Herm(2) be the set of 2 × 2 Hermitian matrices. Identifying via (2), where
one has x, y = trace(xe 2 ( t y)e 2 ) = trace(xỹ), whereỹ is the cofactor matrix of y. In particular, we have x, x = − det x. Hence the pseudo-spheres are represented as
where
If we define an action of g ∈ SL(2, C) to x ∈ R 4 1 by g ·x = gxg * , then the above pseudo-spheres are invariant under this action, thus we have the another representation:
Dualities of surfaces in pseudo-spheres
In the context of our duality, as in Section 4, the following lemma holds.
are dual each other in the sense of Theorem 3.1.
Proof. This lemma is a conclusion from the general theory of duality as in Section 4. But we give an alternative proof here. It is based on a direct calculation. By the definition, we have X
are dual. The other cases are obvious because of the definition of dualities [25] and formulas
Linear Weingarten surfaces of Bryant type and Bianchi type
If a+b = 0 holds, it is called a linear Weingarten surface of Bryant type. In [22] , we investigated "horo-flat" horospherical surfaces in H 3 + (−1). It is linear Weingarten surfaces of non-Bryant type, we considered them as surfaces whose hyperbolic Gauss map degenerates to a curve in the de Sitter space (see [22, Section 4] ). This means that a horo-flat horospherical surface is the dual surface of a curve in the de Sitter space. In [12] , Galvez, Martinez and Milan showed the following representation formula for linear Weingarten surfaces of Bryant type.
where h is a meromorphic function and ω a holomorphic one-form. If 
If A + B = 0 holds, it is called Bianchi type. As a consequence of the duality theorem, we can interpret the relationship between linear Weingarten surfaces in H 3 + (−1) and S 3 1 . 
We also have another relation 
We define a unit spacelike vector a 3 (t) = a 0 (t) ∧ a 1 (t) ∧ a 2 (t), so that we have a pseudo-orthonormal frame {a 0 , a 1 , a 2 , a 3 } of R 4 1 . We have the following fundamental invariants:
It can be written in the following form:
We remark that C(t) is an element of the Lie algebra so(3, 1) of the Lorentzian group SO 0 (3, 1).
} is a pseudo-orthonormal frame field as the above, the 4 × 4-matrix determined by the frame defines a smooth curve
1). Therefore we have the relation that A (t) = C(t)A(t).
For the converse, let A : I −→ SO 0 (3, 1) be a smooth curve, then we can show that A (t)A(t)
∈ so(3, 1). Moreover, for any smooth curve C : I −→ so(3, 1), we apply the existence theorem on the linear systems of ordinary differential equations, so that there exists a unique curve
with an initial data A(t 0 ) ∈ SO 0 (3, 1). Therefore, a smooth curve C : I −→ so(3, 1) might be identified with a pseudo-orthonormal frame in H . This means that the curve C : I −→ so(3, 1) is a hyperbolic invariant of the pseudo-orthonormal frame {a 0 (t), a 1 (t), a 2 (t), a 3 (t)}. We set = a 0 + a 2 and c 36 = c 3 + c 6 . We study dual surfaces of using ∆ 2 , ∆ 3 and ∆ 4 -duality. In this section, we assume c 2 (t) = 0, c 1 (t) − c 4 (t) = 0 and c 36 (t) = 0 for any t, this means that = c 36 a 3 = 0.
6.1 ∆ 2 , ∆ 3 and ∆ 4 -dual surfaces of (1) ∆ 2 -dual surface of : In order to obtain the ∆ 2 -dual surface of , we consider a hight function F :
for x 1 = s, which we denote X h (s, t).
By the above construction, (X
is an isotropic map with respect to the contact structure defined in Theorem 3.1, so that X h (s, t) and (t) are ∆ 2 -dual each other. Since c 2 = c 1 − c 4 = 0 hold, the surface X h is horo-flat in the sense of [22] . Moreover if we assume c 3 (t) = 0 for any t, then the singular value of X h is a 0 (t). We also consider the ∆ 1 and ∆ 2 -dual surfaces of a 0 . By the same computations as those of the previous paragraph for obtaining the 
t).
In [22] , we introduced these surfaces X h and X h by the same construction as the above and investigated the geomeotric properties and singularities of them. It has been shown in [22] 
which we denote X (s, t). We study geometric properties of X (s, t) in section 7 and investigate the singularities in section 8. Like as in the case of X h and X d , we consider the dual surfaces of − := a 0 − a 2 . Under the condition c 2 (t) = c 1 (t) + c 4 (t) = 0 for any t, the ∆ 2 -dual surface X
Since we can obtain these surfaces X and X are one-parameter families of parabolas, we call these surfaces parabollatic surfaces. If we adopt the word "parabolic" instead of the word "parabollatic", it might be confused with other notions. Now, we summerize the correspondences between these curves and surfaces:
Dualities of "flat"surfaces
By using the equations for the pseudo-orthonormal frame, we have
where () means ∂/∂t and () s means ∂/∂s. It follows that we have
where ≡ 0 means that it holds identically. This implies that (X , t) , such a flatness is called horo-flat in [22] . Furthermore, under the conditions c 2 (t) = c 3 (t) = 0 for any t (resp. c 2 (t) = c 6 (t) = 0), Thus we have the following diagram which expresses the duality for flat surfaces in pseudospheres:
If we start from a curve in the lightcone, we have the following diagram of dualities:
Also we can have the diagram on dualities starting from a 0 and a 2 :
We can also have a diagram starting from the curve − = a 0 − a 2 . However, the situation is the same as the case for , so that we omit it.
Fundamental properties of parabollatic surfaces
In section 6, we construct the dual surfaces of which are called parabollatic surfaces. The analogous notion in Euclidean space is ruled surfaces given by one-parameter families of lines in R
3
. For the study of singularities and geometric properties of ruled surfaces, the striction curve plays a crucial role ( [16] ). The striction curve is a curve on the ruled surface which contains the singularities of the surface. Similarly, an analogous notion of the striction curve also plays a crucial role for one-parameter families of circles ( [23] [23] . We shall investigate these surfaces in the forthcoming paper. a 1 , a 2 , a 3 ) : I → so(3, 1) be a pseudo-orthonormal frame defined in Section 6.
The striction curve of X
d Let A = (a 0 ,The ∆ 3 -dual surface X d of is defined by X d ,A (s, t) := a 2 (t) + sa 1 (t) − s 2 2 (t).
For any t, the curve s → X d ,A (s, t) is a parabola. The each parabola called the generating parabola.
On the other hand, for any curve 
) holds. Moreover, we define invariants C(t) by the formula

A (t) = C(t)A(t), then we have
                                   c 1 = 1 − s(t) 2 2 c 1 − s (t) + s(t) 2 2 c 4 − s(t)c 2 c 2 = s(t)c 1 + c 2 − s(t)c 4 c 3 = c 3 − s(t)c 5 + s(t) 2 2 c 36 c 4 = −s(t) 2 2 c 1 − s(t)c 2 + 1 + s(t) 2 2 c 4 − s (t) c 5 = c 5 − s(t)c 36 c 6 = c 6 + s(t)c 5 − s(t)
Proof. Let us define
and define curves a 0 , a 1 , a 2 by (7.1) and (7.2). Then c 2 = 0 holds. We do not need to say that X 
The striction curve of X
In this section, we study general properties of dual surfaces of . Let A = (a 0 , a 1 , a 2 , a 3 ) : I → so(3, 1) be a pseudo-orthonormal frame defined in Section 6. The dual surface X of is defined by X ,A (s, t) := a 0 (t) − a 2 (t) + 2sa 1 (t) + s 2 (t).
For any curve, a 0 − a 2 (t) = a 0 − a 2 (t) + 2s(t)a 1 (t) + s 2 (t) on X ,a , we define
and a 3 (t) = a 3 (t) 
we define invariants C(t) by the formula A (t) = C(t)A(t), then we have
                                   c 1 = − s(t) 2 2 (c 1 − c 4 ) + c 1 + s (t) + sc 2 c 2 = −s(t)c 1 + c 2 + s(t)c 4 c 3 = c 3 + s(t)c 5 + s(t) 2 2 c 36 c 4 = − s(t) 2 2 c 1 + s(t)c 2 + s(t) 2 2 c 4 + s (t) c 5 = c 5 − s(t)c 36 c 6 = c 6 − s(t)c 5 − s(t)
A reparameterization (s, t) → (S, T ) of X ,A is said to be adopted if S = s − s(t) and T = t.
We have the following proposition. Proof. Let us define
and define curves A as (7.1) and (7.2). Then c 2 = 0 holds. We do not need to say that X ,A and X ,A have the same image. Thus the condition of the proposition holds. 2
A curve on the surface X ,A (s(t), t) is called striction curve if a 0 (t), a 2 (t) = 0for any t holds. Proposition 7.3 implies that one can take a 2 as the striction curve. Singularities of parabollatic surfaces are located on the striction curve. Singularities of these surface are studied in Section 8. Although we can costruct dual surfaces from − , their geometric properties are the same as those of dual surfaces constructed from , so that we omit the study of their striction curves.
Singularities of flat parabollatic surfaces 8.1 Criteria for singularities of frontals
All surfaces investigating here have an isotropic lift to some contact manifold. They are called frontals which are originally investigated by Zakalyukin [34, 35] . In order to investigate singularities of concretely parameterized surfaces, the identification problems for singularities are important. Let f 0 be a given map germs. The identification problem for f 0 means that finding a necessary and sufficient condition that if a map germ f satisfies the condition, then f to be A-equivalent to f 0 . We call the condition criterion of f 0 . Such criteria are given by many people now. Simple criteria for cuspidal edge and swallowtail were given by Kokubu, Rossman, Saji, Umehara and Yamada [28] . Other criteria for singularities of frontals are investigated in [13, 32, 22] . Here, we briefly review the criteria of frontals. Let π : E → M be a Legendrian fibration from a five-dimensional contact manifold E to a three-dimensional manifold M . A . Therefore, we assume that E → M is P T R 
(t) along γ satisfying that η(t) generates the kernel of df γ(t) . We call this vector field the null vector field. Now we define a function
Using these notations, the following criteria have been obtained. Here, ηλ : U → R means the directional derivative of λ by the vector fieldη, whereη ∈ X(U ) is an extended vector field of η to U . Moreover, we have the following criterion for the cuspidal butterfly. A proof of this theorem is given in the appendix. Next we consider a degenerate singularity. Let p be a degenerate singularity of a front f . If rank(df ) p = 1, then there exists a non-zero vector field η near p such that if q ∈ S(f ) then η(q) generates the kernel of df (q). A criterion for the degenerate singularity is given as follows. In order to study singularities of a front in pseudo-Riemannian space, we introduce the following notion.
Using this notion, a criterion for cuspidal cross cap is stated as follows. 
Singularities of dual surfaces of
In this section, we apply the criteria, and describe the conditions of singularities of dual surfaces of . We assume that c 2 ≡ c 1 − c 4 ≡ 0 in this section. 
.
• X 
Singularities of dual surfaces of a 0
In this section, we apply the criteria, and describe the conditions of singularities of dual surfaces of a 0 . In this section, we assume c 2 ≡ c 3 ≡ 0. 
Singularities of dual surfaces of a 2
In this section, we apply criteria and describe the conditions of singularities of dual surfaces of a 2 . In this section, we assume that c 2 ≡ c 6 ≡ 0. 
• We shall give proofs of these theorems in the following.
Proof of Theorem 8.9. Since
Furthermore, an isotropic map (X , ) : U → ∆ 4 is a Legendrian immersion if and only if c 36 = 0 on S(X ). In this case X is a front nearp 0 . Since a 0 and a 2 are linearly independent to T LC * , we can choose the discriminant function λ as
Since the kernel direction of dX on singular set is η = −c 1 ∂s+∂t and we can take a transversal vector field ∂s, we have Hence we have all assertions of Theorem 8.9 except the case for the condition of cuspidal cross caps. We give the proof of the condition for cuspidal cross cap as follows: Let us define a lift
Proof. Since the conditions are independent of the choice of coordinates, we take the coordinate system (u, v) satisfying S(f ) = {v = 0}. Under this conditions, ψ f is proportional to φ f , where φ f is defined in (8.1). Firstly, we prove (1). The condition φ f = 0 implies that f u and ην are linearly independent. Since ν points the kernel direction of df , this implies that f to be a front. Moreover, we have f u = 0, this implies that η does not tangent to S(f ). By Theorem 8.1, we have (1). Next, we assume that f to be a front and φ f = 0 at p. Then this condition implies f u (p) = 0, namely, η tangents S(f ) at p. G(q, 0) . We say that G is a Morse family of hypersurfaces if the mapping 
Then G is a K-versal unfolding if and only if the r × n matrix of coefficients (α ji ) has rank r (r ≤ n).
It follows from the above lemma that the function germ defined by
. One of the main results in the theory of Legendrian singularities is the following theorem: Proof. Since the condition does not depend on the parameter transformation of t, we can assume that g(t) = t x, y, z, w) .
is a K-versal unfolding, and the condition of lemma only depend on the P -K-equivalent class, we can rechoose (x, y, z) such that G is P -K-equivalent to u, v), f 2 (u, v) ) and n(u, v) = (ν 1 (u, v), ν 2 (u, v) ). On the other hand, since n, n is linearly independent at 0 and n, (f ) (0) = 0, we have n , (f ) (0) = 0 ⇐⇒ (f ) (0) = 0 ⇐⇒ f (0) = 0.
Hence ψ has the A 4 singularity at 0. Next, we show that (Ψ, Ψ , Ψ ) is non-singular. If this is satisfied, Ψ satisfies the condition of Lemma A.5 namely, Ψ is a Morse family and Ψ(v, X 1 , X 2 , u) + wv Since Ψ X (0) = −n 1 (0), Ψ Y (0) = −n 2 (0) and Ψ u = i=1,2 (n i ) u , X i − f i − n i , (f i ) u , it holds that Ψ u (0) = 0. By a direct calculation, we have Ψ X (0) = −n 1 (0), Ψ Y (0) = −n 2 (0) and In particular, f u (0) = 0 holds. This implies the desired result. The converse pert of the theorem is obvious since the conditions and assertions of Theorem 8.2 are independent of the choice of coordinates and choce of ν, and the canonical A 4 singularity satisfies the condition of theorem.
Remark that since 0 is a non-degenerate singular point, we have the parameterization γ(t) of S(f ). Take the null vector field on γ as η(t). Define a function of t by
µ(t) = det(γ (t), η(t)).
One can easily show that µ(0) = µ (0) = 0 and µ (0) = 0 and ηλ(0) = ηηλ(0) = 0 and ηηηλ(0) = 0 are equivalent, as a corollary, the following assertion holds. 
